Recent theoretical developments have shown that extra spacetime dimensions can lower the fundamental GUT, Planck, and string scales. However, recent evidence for neutrino oscillations suggests the existence of light nonzero neutrino masses, which in turn suggests the need for a heavy mass scale via the seesaw mechanism. In this short note, we make two observations. First, we show that a higher-dimensional analogue of the seesaw mechanism may be capable of generating naturally light neutrino masses without the introduction of a heavy mass scale. In particular, we show that mixing between the left-handed neutrino and an entire Kaluza-Klein tower of right-handed neutrinos produces a naturally suppressed neutrino mass regardless of the intrinsic energy scale of the right-handed neutrinos. Second, we consider whether neutrino masses are actually required in order to explain neutrino oscillations, and show that our higher-dimensional seesaw mechanism may be able to permit neutrino oscillations even if the neutrino masses vanish. Essentially, neutrino oscillations can be induced indirectly via the masses of the Kaluza-Klein states. Thus, within the context of a higher-dimensional seesaw mechanism, we propose that neutrino oscillations can be explained without neutrino masses and without heavy mass scales. *
Introduction
Recent theoretical developments have shown that extra spacetime dimensions have the potential to lower the fundamental GUT scale [1] , the fundamental Planck scale [2] , and the fundamental string scale [3, 4, 2, 5, 1, 6] . The extra dimensions that lower the GUT scale are "universal", and are felt by all forces, both gauge and gravitational. Those that lower the Planck scale, by contrast, are felt only by the gravitational interaction. Together, both types of extra dimensions can conspire to lower the string scale. Indeed, by imagining extra spacetime dimensions of various types and sizes, it may even possible to lower all of these scales to the TeV range, although this is probably only an interesting (and likely unrealistic) extrapolation. However, the important lesson from these developments is that the fundamental high energy scales of physics are not immutable, and that taking extra spacetime dimensions seriously as physical entities permits these energy scales to be lower (perhaps even substantially lower) than they are typically imagined to be on the basis of four-dimensional extrapolations from low-energy data. More recently, implications of these ideas have been considered in cosmology [7, 8, 9, 10, 11] , in radius stabilization [8, 9] , and even in potentially explaining the fermion mass hierarchy [1, 12] and the properties of soft SUSY-breaking parameters [13, 14] . Possible collider signatures are discussed in Ref. [15] . General consequences of this new "brane world" picture of extra spacetime dimensions and reduced energy scales are also discussed in Ref. [16] .
At first glance, this situation may seem to suggest that there is no further reason to believe in high energy scales. However, as has recently been emphasized in Refs. [17, 18] , low-energy neutrino data provide independent evidence for yet another high mass scale. Specifically, if neutrinos have light but non-zero masses (as suggested by recent Superkamiokande data [19] ), then these masses are most naturally explained in the context of SO(10) unification via the seesaw mechanism [20] . However, the seesaw mechanism relies on the existence of a new heavy mass scale M associated with a right-handed neutrino singlet field N. Indeed, in the simplest scenarios, M turns out to be of the same order of magnitude as the usual four-dimensional GUT scale ≈ 10
16
GeV. This therefore provides a further need for a high fundamental GUT scale. In Ref. [18] , this is referred to as "the third pillar of unification", and we agree that this observation should not be taken lightly.
In this short note, we shall make two observations in this regard. First, we shall consider how light neutrino masses may be generated without the introduction of heavy mass scales. Our goal is to suggest a number of higherdimensional mechanisms which might permit naturally light masses to be generated. Our primary result, however, is that there is a higher-dimensional analogue of the usual seesaw mechanism which permits the generation of a light neutrino mass without the introduction of a heavy mass scale M. Rather than suppress the neutrino mass via a mixing with an extremely heavy right-handed neutrino, our higher-dimensional seesaw mechanism suppresses the neutrino mass via a mixing between the left-handed neutrino and an entire Kaluza-Klein tower of right-handed neutrinos whose fundamental separation scale (the inverse radius of the extra dimension) need not be high. Indeed, as we shall see, the appearance of such an infinite tower of right-handed neutrinos turns out to compensate for the absence of a fundamental high scale for any one of these states individually, and thereby produces a strong suppression for the mass of the left-handed neutrino.
In fact, in its most natural form, this scenario actually results in vanishing neutrino masses. We stress that this vanishing of the neutrino mass occurs regardless of the size of the neutrino Yukawa couplings, and instead arises solely due to the mixing with the whole tower of right-handed Kaluza-Klein neutrino states.
Ordinarily, a vanishing neutrino mass is not what we want, for the experimental evidence for neutrino oscillations would seem to suggest the existence of non-zero neutrino masses. However, given the above results, we then proceed to reconsider whether non-zero neutrino masses are actually required in order to explain neutrino oscillations. Once again, we find that the presence of the Kaluza-Klein towers alters our four-dimensional expectations. In particular, as we shall show, neutrino oscillations can be induced indirectly via the Kaluza-Klein masses of the right-handed neutrino states. Thus, within the context of a higher-dimensional seesaw mechanism, we conclude that it might be possible to explain neutrino oscillations without neutrino masses and without heavy mass scales.
A higher-dimensional seesaw mechanism
Let us begin by briefly reviewing the usual SO(10) seesaw mechanism [20] . We imagine that there exists a right-handed neutrino (henceforth denoted N), and that there exists a set of mass terms for N ≡ (ν L , N) of the form N MN T , where
Note that for the purposes of this discussion, we shall ignore possible non-diagonality in flavor indices. In this matrix, the entry m arises as a standard Yukawa coupling resulting from electroweak symmetry breaking,
where φ ≈ 246 GeV is the electroweak Higgs VEV. Since the neutrino Yukawa coupling y ν is presumed (on the basis of naturalness arguments) to be of order one, we expect m ≈ O(10 2 GeV). The entry M, by contrast, is a Majorana mass for the right-handed singlet N, and is presumed to arise through the breaking of the SO(10) GUT symmetry. Such a term can arise, for example, through the use of a large SO(10) representation such as the 126 representation (the five-index totally antisymmetric tensor). Thus, in the usual scenario, we expect that M ≈ 10 16 GeV. By diagonalizing the mass matrix (2.1), we then obtain the two mass eigenvalues
to leading order in m/M. The physical light neutrino state is then interpreted as the linear combination corresponding to the mass eigenvalue λ < , with mass |λ < |. Thus, the presence of the heavy mass scale M serves to suppress the neutrino mass so that it comes out substantially below the electroweak scale. This scenario is very simple and elegant. In the context of string theory, however, certain difficulties may arise. The most pressing of these concerns the generation of the required Majorana mass M for the right-handed neutrino N. As we remarked above, this is typically achieved in field theory through the use of a 126 representation. However, within the context of a wide class of string SO(10) GUT models, it has been shown [21, 22] that 126 representations generically do not arise. Other possibilities include simulating the effects of 126 representations through tensor products of smaller representations [23] , but even this has been shown to be difficult within the context of string GUT models [21] .
Let us now consider how we might generate suppressed neutrino masses without the introduction of such a high mass scale. We shall begin by laying out a number of alternatives within the context of theories with extra large spacetime dimensions. To this end, the first thing we notice is that unlike all of the other Standard-Model fermions, the right-handed neutrino N is a Standard-Model singlet. Thus, no Standard-Model gauge symmetries are broken if this field alone experiences extra spacetime dimensions and thereby accrues an infinite tower of Kaluza-Klein excitations. For simplicity, we shall assume the appearance of one extra spacetime dimension of radius R, so that the mass of the n th Kaluza-Klein state
For the purposes of this qualitative discussion, it will not be necessary to specify whether this extra dimension is "universal" (i.e., experienced by the Standard-Model gauge bosons and Higgs fields as well as by gravity), or only gravitational. Therefore, for this qualitative discussion, we shall not need to specify whether R −1 > ∼ O(TeV), as is required in the first case, or R −1 < ∼ O(TeV), as permitted in the second case. In either case, the important point is that R −1 may be taken to be substantially below the usual four-dimensional GUT, Planck, or string scales. We also note that the following discussion continues to hold if more than one extra dimension are considered.
There are two immediate consequences of introducing a Kaluza-Klein tower for N. The first, as discussed in Ref. [1] , is the power-law running that this induces for the Yukawa coupling y ν through diagrams such as shown in Fig. 1 . In such diagrams, the presence of an infinite tower of Kaluza-Klein states in the loop causes the evolution of the Yukawa coupling to accrue a power-law behavior which can drive the Yukawa coupling y ν to extremely small values over a very short energy internal. Thus, we see that a Kaluza-Klein tower for the right-handed neutrino provides a natural way of suppressing the value of the Yukawa coupling y ν and thereby suppressing m. The second observation * is that the coupling of the right-handed neutrino N to the ordinary neutrino ν is automatically suppressed by a volume factor corresponding to the extra compactified dimension. Such a volume factor arises from the normalization of the wavefunction of the N field in the compactified dimension. This volume factor can also provide a natural mechanism for suppressing the Yukawa coupling and yielding a light neutrino mass.
Both of the above mechanisms suppress the neutrino mass by directly suppressing the value of m. However, as we shall now discuss, it may also be possible to suppress the neutrino mass via a higher-dimensional analogue of the seesaw mechanism. Moreover, this suppression will occur independently of the value of m.
Once again, we shall assume that the right-handed neutrino N feels extra dimensions, while the left-handed neutrino ν L does not. A priori, this then results in a Lagrangian of the form
Here the first term is the kinetic-energy term for the higher-dimensional right-handed neutrino field N, where δ signifies the number of extra spacetime dimensions and where M s is the mass scale of the higher-dimensional fundamental theory (e.g., a reduced Type I string scale). By contrast, the second term represents the kinetic energy of the four-dimensional neutrino ν L , and the third term represents the coupling between the left-handed and right-handed neutrino fields. In this term, y ≡ (y 1 , ..., y δ ) are the coordinates corresponding to the extra compactified spacetime dimensions, * This possibility was also considered by S. Dimopoulos and J. March-Russell [24] .
and for the sake of simplicity we are assuming a straightforward coupling of the form indicated, with the four uncompactified dimensions located at y = 0. We shall discuss the effects of other possible couplings below. Next, we compactify the Lagrangian (2.5) down to four dimensions by expanding the right-handed neutrino field in Kaluza-Klein modes,
where n ≡ (n 1 , ..., n δ ) , n i ∈ Z Z , (2.6) and integrating over the compactified dimensions. This then yields
Note, in particular, that the rescaling of the right-handed neutrino field (which is required in order to canonically normalize its kinetic-energy terms) results in a suppression of the Dirac neutrino mass by the factor (RM s ) δ/2 . In the following, we will simply redefine the effective Dirac neutrino mass to be the combination
Regardless of whether the extra dimensions are "universal" or are felt only by gravity, we always have M s R > 1; indeed, in the latter case we even have M s R ≫ 1. Likewise we expectm/M s < 1. Thus, for δ ≥ 2, we find that mR ≪ 1 in all cases, with this approximation becoming particularly appropriate in the case of gravity-only extra dimensions. Given the Lagrangian (2.7), we see that the Standard-Model neutrino ν L will mix with the entire tower of Kaluza-Klein states. Indeed, if we restrict our attention to the case of only one extra dimension (i.e., δ = 1) for simplicity and define
we see that the Lagrangian (2.7) corresponds to a general mass term of the form N MN T where the mass matrix now takes the form
Before proceeding further, let us discuss the assumptions inherent in the form of this mass matrix. First, note that the entries m reflect the coupling in (2.7) between the left-handed neutrino state (which feels only four spacetime dimensions) and the right-handed N field (which also feels the extra dimensions). For such a coupling, the structure of the higher-dimensional theory requires that the entries m be identical for each of the right-handed neutrino states in the Kaluza-Klein tower. Of course, the value of m in (2.10) is no longer to be identified with the value given in (2.2), since the presence of the extra dimensions alters the result given in (2.2) by a volume factor, as discussed above. Second, note that the remaining entries along the diagonal reflect the Kaluza-Klein masses of the Kaluza-Klein modes of the N field, as given in (2.4). Third, note that we have not introduced any additional off-diagonal non-zero entries in this mass matrix, for such non-zero entries would violate Kaluza-Klein momentum conservation. It might seem at first that conservation of Kaluza-Klein momentum would also forbid the coupling m between the left-handed neutrino and the excited Kaluza-Klein modes of the right-handed N field. However, the difference in this case is the fact that the left-handed neutrino is presumed not to feel the extra spacetime dimensions, and is therefore essentially restricted to a "brane" with respect to these extra dimensions. Kaluza-Klein momentum conservation therefore does not apply for such couplings because the presence of the brane breaks translational invariance in the compactified direction(s). Thus, we conclude that the most general form † for the mass matrix is the one given in (2.10).
Of course, this matrix is infinite-dimensional. Such infinite-dimensional mass matrices are expected to arise in the context of higher-dimensional theories because such higher-dimensional theories give rise to infinite towers of Kaluza-Klein states. Moreover, the fact that this matrix is infinite-dimensional implies that it will have an infinite number of eigenvalues. Of course, this too is to be expected because there are an infinite number of states participating in the mixing.
However, the remarkable feature of (2.10) is that there is always one eigenvalue that falls to zero as the dimension of the matrix is taken to infinity! We will prove this statement analytically below, but let us first sketch how this happens in practice. Let us begin by focusing on only the upper-left 2 × 2 mixing sub-matrix
between ν L and N (0) . By itself, this produces two eigenvalues ±m, and therefore both of the resulting mass eigenstates would have masses equal to m. However, as we increase the size of this matrix by adding the further rows and columns corresponding to the excited Kaluza-Klein states, we find that the cumulative effect of the excited Kaluza-Klein states is to pull the negative eigenvalue −m further in the negative direction, but also to decrease the positive eigenvalue +m. Ultimately, as the dimensionality of this mass matrix is taken to infinity, the negative eigenvalue −m falls all the way to negative infinity while the positive eigenvalue +m falls all the way to zero. Note that each new row/column also introduces a new eigenvalue which, in the limit as the matrix becomes infinite-dimensional, simply remains fixed near n/R. Thus, we find that our infinite-dimensional matrix produces exactly one zero eigenvalue, with all other eigenvalues of size R −1 or larger. We shall now give an analytical proof that a zero eigenvalue is produced in the limit of an infinite-dimensional matrix. We begin by considering a matrix of finite size (n + 2) × (n + 2), so that the highest diagonal entry is n/R. This matrix will therefore have (n+2) different eigenvalues; these consist of the n different eigenvalues λ k (k = 1, ..., n) corresponding to the excited Kaluza-Klein states, as well as the two remaining "light" eigenvalues λ + and λ − whose values are respectively ±m in the special case n = 0, as discussed above. Our procedure will be to solve for the "light" eigenvalues λ ± as a function of n, and to show that one of these is always zero in the limit n → ∞.
We begin by considering the characteristic eigenvalue equation det(M − λI) = 0. Given the mass matrix M in (2.10), this equation takes the exact analytic form
However, since we know that we can always ultimately write this eigenvalue equation in the form 13) we see that we can obtain a number of different relations amongst the eigenvalues by considering the coefficients of various powers of λ in (2.12). For example, the constant term C 0 (i.e., the coefficient of λ 0 ) gives the product of the eigenvalues, λ, which is nothing but the determinant of M. Likewise, the coefficient C 1 of the term linear in λ is identified as the sum of the products of all possible subsets of n + 1 of the eigenvalues, i.e.,
, where the i-indices run over the set {1, 2, ..., n, +, −}. Similarly, the coefficient C n+1 of the λ n+1 term gives (−1) n+1 λ, which is equivalently (−1) n+1 times the trace of the matrix M. By examining the matrix M and the characteristic equation (2.12), it is easy to see that
Moreover, for mR ≪ 1, it is easy to show that the excited Kaluza-Klein eigenvalues behave as λ k ≈ k/R + m 2 R/k + ... for large n. (This will be discussed further below.)
Using this information, we can then obtain various simultaneous equations for λ + and λ − . For example, from the C 0 determinant relation we find
Likewise, from the C 1 relation we find 16) and from the C n+1 trace relation we find
We can now solve any two of these equations simultaneously for the eigenvalues λ ± . In all cases, we obtain
For mR ≪ 1 and finite n, this yields the solutions
As discussed above, these are the two light eigenvalues that arise when only the lightest Kaluza-Klein states participate in the mixing. On the other hand, as n → ∞ and all Kaluza-Klein states are included in the mixing, we find
Thus, in the limit of an infinite-dimensional matrix, we see that λ + → 0. Finally, we remark that the zero eigenvalue can also be seen directly from the characteristic equation (2.12), regardless of the value of mR, by noticing that λ → 0 is a solution of the term in square brackets. Specifically, near λ = 0, the sum n k=1 1/(k − λR) is analytic in λ. Thus, performing a Taylor expansion about the origin and keeping only terms linear in λ, we again find a solution that behaves like (2.21). This argument does not rely on the value of mR, and thus we have shown that there is always a zero eigenvalue.
Note that the excited Kaluza-Klein eigenvalues given above, namely λ k ≈ k/R + m 2 R/k, are valid only for finite n. In the limit n → ∞, one finds that λ k ∼ k/R + 1/(R ln n). This can be seen by substituting the value λ k = k/R + c into the characteristic equation (2.12) and showing, in a fashion similar to that for the zero eigenvalue, that the term in square brackets vanishes if c ∼ 1/(R ln n).
One can also understand physically why the zero eigenvalue emerges. Even though the mass spacing of the Kaluza-Klein tower of N states is given by the finite value 1/R, there are an infinite number of such Kaluza-Klein states with regularly increasing masses. Therefore, insofar as the seesaw mechanism is concerned, this tower of states effectively behaves as a single, infinitely massive N field. Indeed, the combined effect of the infinite tower of Kaluza-Klein states compensates for the lightness of the intrinsic energy scale of these states, and is sufficient to drive the neutrino mass to zero. Thus, this mechanism provides a way of suppressing the light neutrino mass (indeed, they are "suppressed" all the way to zero) without the ad hoc introduction of an arbitrary heavy mass scale for the right-handed neutrinos.
This physical understanding also makes it clear why this effect is completely independent of the value of mR. Once again, this is because the Kaluza-Klein tower contains infinitely many massive states. Even if the radius R is large, so that the lowest-lying Kaluza-Klein states are relatively light compared to m, the net effect of the infinite tower of Kaluza-Klein states is still equivalent to that of a single infinitely massive right-handed neutrino. Indeed, no matter how large the radius R becomes, the Kaluza-Klein tower will always contain highly excited states whose masses ultimately exceed the coupling m. Thus, we see that there will always exist a neutrino mass eigenstate whose mass is ultimately driven to zero.
Of course, the approach we have followed here is one based on an effective field theory. If our true underlying theory is a string theory with mass scale M s , then we would expect our considerations to be valid only up to the mass scale M s . This in turn means that the maximum number of Kaluza-Klein states which should enter into our considerations is O(RM s ). However, the above considerations involving an infinite tower of Kaluza-Klein states may nevertheless remain valid in the full, fundamental theory when all states are properly included. Indeed, in the case of string theory, we would expect to incorporate not only a full, infinite tower of Kaluza-Klein states, but also infinite towers of winding-mode and oscillator states. These additional states might therefore not only serve to bring the neutrino mass to zero, as discussed above, but to actually accelerate the convergence of this eigenvalue to zero. If this is true, then it might initially seem that this scenario is unsatisfactory because it results in neutrino masses which actually vanish. However, as we shall now discuss, in the context of our higher-dimensional seesaw mechanism, vanishing neutrino masses may actually be consistent with the recent observation of neutrino oscillations.
Neutrino oscillations without neutrino masses
Ordinarily, neutrino oscillations require neutrino masses. Let us briefly recall why this is the case. We suppose, in all generality, that we have two sets of neutrinos, a set of gauge eigenstates ν f and a set of mass eigenstatesν i which are non-trivially related to each other through a unitary mixing matrix U:
Here the tilde indicates a mass eigenstate. Given such a mixing matrix U, we then find that the probability of oscillation from ν f to ν f ′ after time t is given by
where m i is the mass ofν i and where the neutrinos all have the same momentum p ≫ m i . For f = f ′ , this probability can be non-zero only if m j − m i = 0 for some pair of mass eigenstates (i, j) for which the appropriate matrix elements of U are non-vanishing. Note that this result applies not only to flavor oscillations (in which case we interpret the f index as indicating flavor), but also to neutrino/anti-neutrino oscillations (in which case we identify ν f = (ν, N) for a fixed flavor) as well as general combinations of the two.
How then can we generate neutrino oscillations without neutrino masses? For simplicity, let us focus first on neutrino/anti-neutrino oscillations. We have seen in Sect. 2 that in higher dimensions, it is natural to imagine a Kaluza-Klein tower for the right-handed neutrino, and that this automatically leads to a mixing mass matrix of the form (2.10). This then generates a set of corresponding mass eigenstates which we can denoteÑ
in analogy with (2.9). Moreover, as we showed in Sect. 2,ν is massless, while the mass ofÑ (0) tends to infinity and the masses of the remaining states are generally
Given these results, we see that (3.2) continues to hold; we simply identify the matrix U in (3.2) as the inverse of the matrix of eigenvectors of the mass matrix M given in (2.10). Specifically, we write
where the gauge eigenstates N are defined in (2.9) and the mass eigenstatesÑ are defined in (3.3) . Note that since U is (by definition) the matrix that diagonalizes M, the non-diagonality of M implies the non-diagonality of U.
For mR ≪ 1 and finite n, this matrix U turns out to be given by
(3.5) where x ≡ mR. For each entry in this matrix, we have listed only the leading term for x ≪ 1. Using this result, one can easily check that
, as required, and moreover reproduces the eigenvalues (2.19) that we previously found in Sect. 2 for mR ≪ 1 and finite n.
Given the matrix (3.5), it is straightforward to calculate the corresponding probability of the neutrino gauge eigenstate ν L oscillating into any of the Kaluza-Klein excited states N (k) . Using (3.2), we find the result
Moreover, one can also check that the probability of the massless neutrino oscillating into anything (including itself) is one. This is a non-trivial check of the U-matrix and the eigenvalues associated with it. Furthermore, as we remarked at the end of Sect. 2, in our effective field-theory approach it is natural to consider a truncation to Kaluza-Klein states with k < ∼ RM s . It is precisely in such cases that we can trust the result in (3.7).
However, in a similar way, it is natural to conjecture that these neutrino oscillations survive in the limit n → ∞ when the mass matrix M is taken to be truly infinite-dimensional. Indeed, even in this limit, we have a mass matrix M which is non-diagonal, and this therefore requires a non-diagonal mixing matrix U to diagonalize it. Moreover, as n → ∞, such a non-diagonal mixing matrix U will be consistent with the eigenvalues given in (2.20) and (2.21).
The fact that such U-matrices are non-diagonal leads to the non-trivial mixings that produce neutrino oscillations. Thus, via such a matrix U, we see that the massless neutrino mass eigenstateν can oscillate into the entire tower of right-handed Kaluza-Klein neutrinos, even if it has no mass of its own! Indeed, the masses of the Kaluza-Klein states themselves are sufficient to indirectly generate the desired oscillation.
Note that such an oscillation would not have been possible in the usual fourdimensional case. In the case of the usual four-dimensional neutrino/anti-neutrino oscillations, we are required to have a mass matrix of the form (2.1). Regardless of the Majorana mass M of the right-handed neutrino N, the only way to achieve a massless neutrino in this scenario is to take m = 0. However, this then results in a diagonal mass matrix, so that the corresponding matrix U of eigenvectors is also diagonal. Therefore no oscillations are produced. By contrast, our higher-dimensional seesaw mechanism provides us with a natural way of generating a very light neutrino (and perhaps even a massless neutrino) without introducing a diagonal mass matrix M. It is this non-trivial feature of our higher-dimensional seesaw mechanism which permits neutrino oscillations without neutrino masses.
This situation easily generalizes to the case of flavor oscillations: we simply introduce an additional flavor index, and imagine that our mass matrix (2.10) is also non-diagonal in flavor space. Note that this last assumption is completely analogous to what must be assumed in the ordinary four-dimensional case. We then likewise find that the above neutrino/anti-neutrino oscillations can also indirectly induce flavor oscillations, even though the mass eigenstates (ν e ,ν µ ,ν τ ) are by themselves all very light (or potentially even massless). Indeed, the flavor oscillations occur indirectly through the masses and flavor mixings of the corresponding excited Kaluza-Klein states.
Given these observations, the recent experimental detection of neutrino oscillations can be used to estimate the level spacings of the right-handed neutrino KaluzaKlein states, which in turn permits us to estimate the size of the radius required. In the normal four-dimensional scenario, a neutrino mass difference of the order δm 2 ∼ 10 −4 eV 2 is quoted [19] as being sufficient to explain the oscillation observed at SuperKamiokande. In our higher-dimensional scenario, however, this mass difference must be attributed not to the left-handed neutrinos, but to the Kaluza-Klein tower of right-handed neutrino mass eigenstates whose masses are given by M n ∼ n/R. If we choose to associate δm 2 with R −2 , we obtain the estimate R ≈ 10 −5 meters. Such an extra dimension would therefore be perfectly consistent with the scenario advocated in Ref. [2] , which would in turn enable us to identify the extra dimension we have been discussing as one which only gravity (and our right-handed neutrino N) can experience. As discussed in Ref. [2] , a "gravity-only" extra dimension of this size is believed to be consistent with all laboratory, astrophysical, and cosmological constraints. Thus, if this scenario is correct, then the recent observations of neutrino oscillations can be re-interpreted not as providing evidence for neutrino masses, but rather as providing evidence for extra spacetime dimensions! Pursuing this line of reasoning a bit further, we may even use the results given in (2.8) and (3.7) in conjunction with the mixing-parameter bound sin 2 2θ > 0.82 given in Ref. [19] . If we associate the finite value of n with M s R (as might be expected in an effective field-theory approach where we keep only the lowest excitations of the Kaluza-Klein tower), we can obtain a rough bound on the string scale M s < ∼ 2.2m ∼ 1 TeV for δ = 2 and for a Yukawa coupling ∼ O(1). Thus, it would appear that the experimental bound on the mixing rules out larger values of δ, so that only two extra dimensions are consistent with the SuperKamiokande results.
Of course, the above analysis is at best a naïve one. For a more quantitative analysis, one would need to study the oscillation properties of the full U mixing matrix in the infinite-n limit, as would be appropriate for a full fundamental theory such as string theory. Likewise, one would one would also need to take into account the energy-dependence of the experimental signals.
Discussion and comments
The scenario that we have outlined in this paper is certainly unorthodox, and so far it is only qualitative. Certainly we have not performed a detailed comparison to see if the wealth of existing experimental neutrino data can be accommodated or explained in this manner. However, even at this preliminary stage, it might seem that several objections might be raised against this scenario. We would therefore like to comment on some possible objections.
One objection that might be raised against this higher-dimensional seesaw mechanism is that, in the n → ∞ limit, it relies rather crucially on a mixing that involves an infinite tower of Kaluza-Klein modes. Indeed, one might suspect that it is improper to include an infinite number of states since the extremely massive Kaluza-Klein modes are likely to be unstable and will presumably have extremely short lifetimes. Moreover, as we have remarked above, it might seem that our effective field-theory approach is valid only up to the mass scale M s corresponding to the underlying theory (e.g., a string theory). This in turn would suggest that the maximum number of Kaluza-Klein states entering our considerations should be O(RM s ).
However, there are several responses to this objection. First, note that we do not require the full infinity of Kaluza-Klein states in order to achieve the neutrino oscillations. Instead, we require these states only for the seesaw mechanism that drives the neutrino masses to zero. However, the seesaw mechanism is not a dynamical process, but rather an algebraic diagonalization between tree-level mass and gauge eigenstates which takes place at the level of the tree-level Lagrangian. Thus, from this point of view, it may be improper not to include the full infinity of Kaluza-Klein states in the analysis; indeed, inclusion of the full set of Kaluza-Klein is necessary in order to respect the higher-dimensional nature of the right-handed neutrino field. In this connection, it is worthwhile to note that an analogous situation arises in the string Hagedorn phenomenon [25] : it is precisely the infinite towers of excited string states that lead to the Hagedorn phenomenon, and this phenomenon would disappear completely if the higher-mass states were neglected.
Finally, also note that although we considered only Kaluza-Klein states in the above analysis, it is also possible to include the winding-mode states that would arise naturally in the closed-string sectors once such a scenario is embedded in string theory. However, we believe that this would not change our results.
Another possible objection to this scenario involves the form of our mixing matrix (2.10). As we discussed above, the non-zero entries along the first row/column reflect the coupling of the left-handed neutrino to the excited Kaluza-Klein modes of the right-handed neutrino field. Such couplings do not conserve momentum in the compactified directions, but are allowed because the presence of the "brane" to which the left-handed neutrinos are restricted breaks translational invariance in these directions. However, while these sorts of couplings are permitted in the case of an infinitely rigid brane (as is typical in many standard treatments), in reality the brane can be expected to have a dynamics of its own. In such cases, the couplings between the fields on the brane and the fields in the bulk will become more complicated, and will presumably involve the fluctuation modes of the brane itself. A full analysis of this question is beyond the scope of this paper. Likewise, in the matrix (2.10), we have set all remaining off-diagonal entries to zero. As discussed in Sect. 2, this reflects Kaluza-Klein momentum conservation for couplings purely between fields in the bulk. However, this too is only an approximation: in a complete theory (such as a string theory), we can expect there to be higher-order couplings between different Kaluza-Klein modes of the bulk fields that arise indirectly through their momentumviolating couplings to fields on the brane. However, once again this is a higher-order effect which can be neglected at our level of approximation. Furthermore, even if such couplings are included, we do not expect our primary results to be significantly affected. This is because our primary mechanism (in which a very light or even massless neutrino state is achieved through a mixing with an infinite tower of heavy Kaluza-Klein right-handed neutrino states) still remains intact.
As we remarked above, this higher-dimensional seesaw scenario is not restricted to the case of a single extra dimension. Indeed, it is straightforward to extend this scenario to arbitrary numbers of extra dimensions, and similar results are obtained. Moreover, one may even consider different radii (and even different fields) for the different dimensions in order to explain different types of neutrino oscillations. This might therefore be capable of leading to a richer and more flexible neutrino phenomenology than is possible within the usual four-dimensional framework.
Thus, to summarize the main results of this paper, we see that there exists a higher-dimensional analogue of the seesaw mechanism in which a mixing between a left-handed neutrino and an infinite Kaluza-Klein tower of right-handed neutrinos has the potential to suppress the lowest eigenvalue of the mass matrix and produce a neutrino state whose mass is extraordinarily suppressed relative to the other mass scales in the problem. This occurs without the introduction of an arbitrary high mass scale. Indeed, as we have seen, at tree level this suggests an exactly massless neutrino mass eigenstate. However, within our higher-dimensional scenario, we also showed that neutrino masses are not required for either flavor or neutrino/anti-neutrino oscillations. Indeed, oscillations of both types can still occur indirectly thanks to the masses and mixings of the Kaluza-Klein towers of right-handed neutrinos. Thus, if this qualitative scenario can be made to operate within the context of a fully realistic model, this might provide a higher-dimensional mechanism for generating light neutrino masses without the need to introduce an intrinsic high mass scale for right-handed neutrinos. It might also permit neutrino oscillations to occur without neutrino masses.
